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Characteristic properties for a generalized 
resolvent of a pair of commuting isometric 

operators. 

S.M. Zagorodnyuk 


1 Introduction. 


Let Vi, V 2 be closed isometric operators in a Hilbert space H. Suppose that 


Hi V 2 h = V 2 V 1 h 1 h € D(ViV 2 ) n D(V 2 V 1 ). (1) 

In general, it is not an easy question whether there exist a Hilbert space 
H D H and commuting unitary operators U\, U 2 in H, such that U\ D Vi, 
1/2 2 h. This problem was studied in a series of papers m , is, m , 0, m, 
see also references therein. If the answer on the above question is affirmative, 
then we may define the following operator-valued function of two complex 
variables: 

R-21,22 = R-21,22 C^l, ^ 2 ) = 

= P# (Eg + - z 1 U 1 )~ 1 (E ii + z 2 U 2 ){E s - z 2 U 2 )~ l , 

z 1; z 2 eT e . (2) 

The function R Z1)Z2 (H, V 2 ) is called a generalized resolvent of a pair of 
isometric operators Vi,V 2 (corresponding to extensions U\.U 2 ). Let Ek jt , 
t G [0, 27 t], be the (right-continuous) spectral family @ of Uf., E^q = 0, 
A: = 1,2. The following operator-valued function of two real variables: 


Etl,t2 


Ph E\aiE 2 .t 2 


H 


ti,t 2 G [ 0 , 27 r], 


( 3 ) 


is said to be a (strongly right-continuous) spectral function of a pair of iso¬ 
metric operators V \, V 2 (corresponding to extensions U \, U 2 ). As it follows 
from their definitions, a generalized resolvent and a spectral function, which 
correspond to the same extensions Ui,U 2 , are related by the following equal¬ 
ity: 

(R zllZ2 h,h) H = (1 -zle^) h,h) H' 

1 We shall use the terminology from 1101 . 
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h G H, Zi,z 2 G T e . (4) 

Here the ’’distribution” function (E t lt t 2 h,h)H defines a (non-negative) finite 
measure a on 35(M 2 ). Moreover, we have cr((0,27r] x (0, 2tt]) = er(M 2 ) = 
\\h\ljj. (One may define cr on a semi-ring of rectangles of the form 5 = {a < 
t\ < b, c < t 2 < d} and then extend by the standard procedure). 

Let V be a closed isometric operator in a Hilbert space H. Then there 
always exists a unitary extension U D V in a Hilbert space H D H. Recall 
that the following operator-valued function: 


R C = R C (V)=P§ {E S -(U) 1 


C S T e , 


( 5 ) 


is said to be a generalized resolvent of an isometric operator V (correspond¬ 
ing to the extension U). An arbitrary generalized resolvent R^ has the 
following form ([3]): 

Rc = [E H - C(V (B F ^}- 1 , C€B, (6) 


where is a function from «S(B; Nq(V), N^fV)). Conversely, an arbi¬ 
trary function F^ G S(D; Nq(V), NoofV)) defines by relation J6]) a gener¬ 
alized resolvent R^ of the operator V. Moreover, to different functions from 
5(B; Nq(V), Noo(V)) there correspond different generalized resolvents of the 
operator V. Formula d6j) is known as Chumakin’s formula for the general¬ 
ized resolvents of an isometric operator. Moreover, Chumakin established 
the following characteristic properties of a generalized resolvent of a closed 
isometric operator ([3]): 


Theorem 1 In order that a family of linear operators R^, acting in a Hilbert 
space H (Dr c = H) and depending on complex parameter £ ^ 1), be 

a generalized resolvent of a closed isometric operator, it is necessary and 
sufficient that the following conditions hold: 


1) There exists a number G B\{0} and a subspace L C H such that 

(CR c - CoR( 0 )f = (C - (o)R( R t 0 f, 


for arbitrary ( G T e and f G L; 

2) The operator Rq is bounded and R^h = h, for all h G H © R( 0 L; 

3) For an arbitrary h G H the following inequality holds: 

R e(R^h,h)n > C £ I®; 
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4) For an arbitrary h G H R^h is an analytic vector-valued function of a 
parameter ( in D; 

5) For an arbitrary f G O\{0} holds: 

R* = E h -Ri. 

c 

Theorem 2 In order that a family of linear operators R £ (Dr c = H, |£| f 

1 ) in a Hilbert space H be a generalized resolvent of a given closed isometric 
operator V in H, it is necessary and sufficient that the following conditions 
hold: 

1) For all ( G T e and for all g G D(V) the following equality holds: 

R((E h - C V)g = g: 

2) The operator Rq is bounded and R$h = h, for all h G H 0 D(V); 

3) For an arbitrary h G H the following inequality holds: 

Re(R c h,h) H >±\\h\\ 2 H , (SD; 

4) For an arbitrary h G H R^h is an analytic vector-valued function of a 
parameter f in ID); 

5) For an arbitrary f G O\{0} the following equality is true: 

Rf = Eh — Ri ■ 

^ c 

Our purpose is to obtain an analog of Theorem [T] for a generalized re¬ 
solvent of a pair of commuting isometric operators. An important role will 
be played by the following class H 2 of analytic functions of two complex 
variables, which was introduced by Koranyi in J5] (We use the original no¬ 
tation of Koranyi for this class. Since the Hardy space will not appear in 
this paper, it will cause no confusion). 

Definition 1 The class H 2 is the class of functions f of two complex vari¬ 
ables z\,Z 2 defined and holomorphic for all \z\\, \z 2 \ f 1 (including 00 ) and 
satisfying the conditions 

(a) /(^r\l 2 -1 ) = f(zi,z 2 ) for all |zi|, \z 2 \ f 1, 
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(b) f(zi,z 2 )-f(z 1 1 ,z 2 )-f{z 1 ,z 2 1 )+f(zi 1 ,z 2 2 ) > 0, for \zi\, \z 2 \ < l, 

(c) f(z\, 0) + f(zi,oo) = 0, f{0,z 2 ) + f (oo, z 2 ) = 0 for all \zi\ / 1 and 

\z 2 \ / 1. 


Every function g £ H 2 admits the following representation (see [5] for¬ 
mula (26)] and considerations on page 532 in [2]): 

g(zi,z 2 ) = \((E + zi U)(E - Zl U)-\E + z 2 V)(E - z 2 y)- 1 e 0l o,eo ) o) g , 

zi,z 2 eT e , (7) 

where U,V are some commutative unitary operators in a Hilbert space 53; 
£o,o £ 53- Let Ei >t , t £ [0, 27r], be the (right-continuous) spectral family of 
U, Eijj = 0. Let E 2>t , t £ [0, 2tt\, be the (right-continuous) spectral family 
of V, E 2 q = 0. As in relation Q we may write: 


g(zi,z 2 ) = I (- 
Jr 2 V 1 

g(zi,z 2 ) = / ( 

Jr 2 V 


it\ 


— z\e ltl 


1 + z 2 e lt2 \ ~ 1 1 

“ I Eij 1 E 2 ,t 2 7^ e 0,0> 2 £ 0,0 


1 — z 2 e lt2 
1 + zie Ul \ (1 + z 2 e it2 


<8 


1 — zie ltl J \ 1 — z 2 e lt2 


dn, zi,z 2 £T e , 


( 8 ) 


where g, is a (non-negative) finite measure on 53 (R 2 ) generated by the dis¬ 
tribution function ^Ei jtl E 2 j 2 ^£o t o, Moreover, we have /r((0,27r] x 

(0,2vr]) =/i(R 2 ). 

Another important ingredient of our proof is generalized Neumark’s di¬ 
lation theorem [TOl p. 499] (while in the proof of Chumakin’s result the 
usual Neumark’s dilation theorem is used). 

Notations. As usual, we denote by R, C, N, Z, Z+, the sets of real num¬ 
bers, complex numbers, positive integers, integers and non-negative inte¬ 
gers, respectively; D = {z £ C : |z| < 1}; D e = {z £ C : |z| > 1}; 

T = {z £ C : |z| = 1}; T e = {z £ C : |z| ^ 1}. By k £ m, n (or k = m, n ) 
we mean that k £ Z + : m < k < n; for m,n £ Z+. By R 2 we denote 
the two-dimensional real Eucledian space. By 53(M 2 ) we mean the set of all 
Borel subsets of R 2 . 

In this paper Hilbert spaces are not necessarily separable, operators in them 
are supposed to be linear. 

If H is a Hilbert space then (-, •)# and || • ||# mean the scalar product and 
the norm in 77, respectively. Indices may be omitted in obvious cases. For a 
linear operator A in El, we denote by D(A) its domain, by R(A) its range, 
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and A* means the adjoint operator if it exists. If A is invertible then A 1 


means its inverse. A means the closure of the operator, if the operator is 
closable. If A is bounded then ||H|| denotes its norm. For a set M C H we 
denote by M the closure of M in the norm of H. By LinM we mean the set 
of all linear combinations of elements from M, and span M := LinM. By 
Eh we denote the identity operator in 7L, i.e. Eh'x = x, x G H. In obvious 
cases we may omit the index H. If H\ is a subspace of H, then Ph 1 = Ph 1 
is an operator of the orthogonal projection on Hi in H. By [H] we denote 
a set of all bounded operators on H. For a closed isometric operator V in 
H we denote: M C (V) = {E H - C V)D(V ), N ( (V) = HQ M C (V), ( G C; 
M co (F) = R(V), N^V) = H © R(V). For a unitary operator U in H we 
denote: 1Z Z {U) := (Eh — zU ) -1 , z € T e . 

By S(D] N, N') we denote a class of all analytic in a domain D C C 
operator-valued functions F(z ), which values are linear non-expanding op¬ 
erators mapping the whole N into N', where N and N' are some Hilbert 
spaces. 

For a unitary operator U in a Hilbert space H we shall use the following 
notation: 


U(z) := (E h + zU)(E h - zU)- 1 = -E H + 27 Z z (U), z G T e . 

It is straightforward to check that ([5J p. 531]) 




(9) 




If we set U( oo) := —Eh, then relation ([9]) will be valid for all z € T e U {oo}. 

2 Preliminary results. 

We shall need the following elementary lemma. 

Lemma 1 Let n be a (non-negative) finite measure on Q3(R 2 ). Let ipj(z',t) 
be an analytic of z in a domain D C C complex-valued function depending on 
a parameter t G M with all derivatives (tpj(z\f)) z , k G Z + being continuous 
and bounded as a function of t (with an arbitrary fixed z G D); j = 1,2. 
Suppose that for each zq G D there exists a closed ball U(zq) = {z G C : 
\z — zq\ < R Zo } C D (R Zo > 0), such that 


(Vj(z-,t))W <M kd (z 0 ), z G U(zq), t G M, k G Z+, (11) 
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where Mkj(zo) does not depend on t. Here j = 1,2 is a fixed number. Then 



k, l G Z_|_, 

( 12 ) 


where 


g{zi,z 2 )= <Pl(Zl-,ti)<p2(Z2-,t2)dn(ti,t2), Zi,Z 2 €D, (13) 

Jr 2 

and all derivatives in m exist. 

Proof. Firstly, we shall check relation (1121) with l = 0 by the induction (for 
k £ Z+). We may use the definition of the derivative, Lagrange’s theorem on 
a finite increament of a function (the mean value theorem), inequality (1111) 
and the Lebesgue dominated convergence theorem to verify the induction 
step. Secondly, fix an arbitrary k £ Z + and check relation m by the 
induction (for l £ Z+) in a similar manner. □ 

By the induction argument we may write: 




Let g(zi,z 2 ) be an arbitrary function which admits representation (]5|) 
where g is a (non-negative) finite measure on 23(M 2 ) with /u((0,27r] x (0, 27t]) = 
/r(M 2 ). By Lemma |T] and relations (11411 . (115D we obtain that 



(0 


so,o> if k = l = 0 
2Z!s 0 ,z, if k = 0, l € N 

2k\8 kt o, if k £ N, 1 = 0 


S 4 k\u.s k)h if fc, i £ N 



(17) 


where g{u x 1 ,z 2 )\ ui =i 
is dehned on D x D; 


where g(u 


z 2 )\ui =0 '■= lim ul _>.o g(u 1 \z 2 ), z 2 € B; and therefore g(u x 1 ,z 2 ) 



(18) 
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where g(zi,u 2 1 )|n 2 =o : = lim U2 _^o g(zi, u 2 X ), z 1 G D; and therefore g(z\,u 2 X ) 
is defined on DxD; 




(ui,U2)=(0,0) 


= 4 k\l\s-k-i, k,l € N, (19) 


where g(u x 1 ,u 2 1 )| til = 0 = lim ui ^ 0 \« 2 X )> u 2 G I®\{0}; g{u x \ u 2 1 )| U2=0 = 

lim U2 _> 0 1 )> n i e ^UO}; ^(«r 1 s ^ 1 )lui=« a =o = lim U 2 ^os(<vW)k=o 

and therefore is defined on D x D. Here 


«==/ 


Sfc ;:= / e iktl e ilt2 d^ k,l€Z, 


( 20 ) 


are the trigonometric moments of g. Thus, all trigonometric moments of g 
are uniquely determined by the function g(z\,z 2 ). 

Consider the following function: 


/,„,«) = { ((ir-<w+w 


o < t < 


< t < 2tt 


( 21 ) 


where m G Z + , & G N. Extend f mk (t ) to a continuous function on the 
real line with the period 27 t. By Weierstrass’s approximation theorem there 
exists a trigonometric polynomial T m , k (t) such that 

I fm,k(t) - T mjk (t) I < p fGl. (22) 

Observe that 

|/ m ,*(t)| < (2vr) m , f GR. (23) 

By (12211 it follows that 

\Tm,k{t)\ fs (27r) m + 1, fGl. (24) 

For arbitrary m, n G Z + we may write 


/ / 

JK 2 JR 


t™t 2 dg- / T m)k {ti)T n ^{t 2 )dyL 


< 


< 

[ (tT~T m , k (ti))tyg 

+ 

[ T mjk (ti) (t 2 - Tn tk (t 2 )) dg 


Jr 2 


Jr 2 

< 

[ (t™ - fm,k(tl))t 2 d/l 

Jr 2 

+ 

[ (fm,k(t l) - T mik {ti)) t 2 dg, 
Jr 2 


< 

+ 
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+ 


[ T mjk (ti) ( t 7 2 - fn,k(t 2 )) dn 

Jr 2 

[ T m)k {ti) (/ n ,fc(i 2 ) - T n>k (t 2 )) dji 

Jr 2 


0, 


as k — > oo. Therefore all power moments: 


(25) 


r m,n '■ — 


t^t^diJ,, m,n£Z + , 


(26) 


are uniquely determined by the function g{z\ 1 z 2 ). Since the two-dimensional 
power moment problem which has a solution with a compact support is 
determinate (e.g. [71 Theorem B, p. 323]), then we conclude that the measure 
/.i in representation |3|) is uniquely determined by the function g. 

Proposition 1 Let a; (j = 1,4) be fnon-neqative) finite measures on T>(M 2 ) 
with 0,2tt] 2 ) = ajfm 2 ). If 

Sk,l( a i) - s k,l( a i) + is k,l( a 3) - *s fc)i (ff 4 ) = 0, k,leZ, (27) 


then 


<7\ — 0 2 + it J 3 — i(T4 = 0 . 


(28) 


Proof. Observe that the measures aj (j = 1,4) satisfy the assumptions 
on the measure g introduced after (|15l) . Therefore we may apply the above 
constructions to these measures. Notice that the function f m ,k(t) i n ( 12 1 1 ) 
depends on m, k. t but do not depend on the measure (jl. By (l25l) for arbitrary 
m,n € Z_|_ we may write 

^m,n (04) - r m ,n(c r 2 ) + ir m,n (0-3) - ir 

m,n M - / Tm,k (h)T nik (t 2 )dai- 

\Jr 2 


I 

Jr< 


Tm,k{ti)T n ^(t 2 )da 2 +i 


T m ,k(h)T n ,k(t 2 )d(T3- 


i L 


i I Tm,k(fl') r I'n jk (t 2 )d<J4 


0, 


(29) 


as k — > 00 . By (1271) we conclude that the expression in the round brackets 
in (1291) is equal to zero. Therefore 


rm,n( a l) - r m,n{ a 2 ) + ir m,n( a s) ~ ir m ,n(t 7 4) = 0, m, n € Z+. (30) 
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Extracting the real and the imaginary parts we get 


r m ,n Oi) = r mjn (a 2 ), m, n G Z + ; 

r m ,n(cr 3 ) = m,neZ + . 


(31) 


(32) 


Since the corresponding two-dimensional power moment problem is deter¬ 
minate, we conclude that <J\ = o 2 and a 3 = < 74 . □ 

Proposition 2 Letaj (j = 1,4J be (non-negative) finite measures on *B(M 2 ) 
with (Tj((0, 27r] 2 ) = (jj(E 2 ). Let gj ( z ±, z 2 ) be a function which admits repre¬ 
sentation (0) with aj instead of g; j = 1,4. If 

gi ( zi , z 2 ) -52(21, z 2 ) + *53(21,22) -*54(21,22) = 0 , zi , z 2 G T e , ( 33 ) 


then 


(34) 


a\ — a 2 + ia 3 — id4 = 0. 


Proof. The measures aj (j = 1,4) satisfy the assumptions on the mea¬ 
sure g introduced after (fT5li . Moreover, the functions gj{zi,z 2 ) for aj are 
introduced in the same way as 5 ( 21 , z 2 ) for g. Calculating derivatives of 
51 ( 21 , z 2 ) - 52 ( 21 , 22 ) + * 53 ( 21 , 22 ) — * 54 ( 21 , 22 ) at various points and using 
relations (fl6l) - (fT9l) we obtain that 

Sk,i{p 1 ) - s kt i(a 2 ) + is k: i(a 3 ) - is k) fiafi) = 0, k, l G Z. 

By Proposition [T] we conclude that relation (1M1) holds. □ 

3 Properties of generalized resolvents. 

The following theorem is an analog of Theorem [1] 

Theorem 3 Let an operator-valued function R Zl ,z 2 be given, which depends 
on complex parameters z \, z 2 G T e and which values are linear bounded op¬ 
erators defined on a (whole) Hilbert space H. This function is a generalized 
resolvent of a pair of closed isometric operators in H (satisfying the com¬ 
mutativity relation [Tf)) if an only if the following conditions are satisfied: 
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3) For all h G H, for the function f(z\,z 2 ) ■= {Rzi,z 2 h,h)n, z\,z 2 G T e , 
there exist limits: 


f(oo,z 2 ):= lim f(zi,z 2 ), f{z 1 , 00 ) := lim f(z 1 ,z 2 ), zi,z 2 €T e \ 

Z\—>00 Z2—yoo 

/( 00 , 00 )= lim lim f(z 1 ,z 2 ), 

Z2 —^OO Z\ —S'-OO 

and f/ie extended by these relations function f(zi,z 2 ), zi,z 2 G T e U{oo} 
belongs to H 2 . 


Proof. Necessity. Let V \, V 2 be closed isometric operators in a Hilbert 
space H satisfying relation (P). Suppose that there exist commuting unitary 
extensions Uk B V&, k = 1,2, in a Hilbert space H D H, and R Zi ,z 2 = 
R 21j22 be the corresponding generalized resolvent. By the definition of the 
generalized resolvent we see that condition 1) is satisfied. By ([9]) for arbitrary 
z\. z 2 G T e \{0} and h, g G H we may write 


(R zl} z 2 h,g) H = [Ph U^z^U^z^lnKg^^ = (Ui(zi)U 2 (z 2 )h, g)g = 

= (h, Ui(zi~ 1 )U 2 (z 2 ~ 1 )g)g = (h,R± j = g)H- 

z l’ z 2 

Therefore condition 2) holds. 

Choose an arbitrary h G H and set 

f{zi,z 2 ) = (Ui(z 1 )U 2 (z 2 )h,h)g, zi,z 2 G T e U { 00 }. (35) 


Here Ui ( 00 ) = U 2 (oo ) := —Eg- It is easy to check that this definition is 
consistent with the definition of f(z\,z 2 ) from the statement of the theorem. 
Observe that the set T e x T e is a union of four polycircular domains DxD, 
D x D e , D e xD and B e x B e . In each of these domains the function f(zi, z 2 ) 
is holomorphic with respect to each variable. By Hartogs’s theorem we 
conclude that f(zi,z 2 ) is holomorphic at each point of T e x T e . For the 
infinite points we may use the change of variable u = 7 and proceed in the 
same manner. Conditions (a)-(c) in the definition of the class Ho can be 
checked by relations mm, as it was done in [2, p. 531]. Thus, f(z\, z 2 ~) G 
H 2 and condition 3) holds. 

Sufficiency. Suppose that an operator-valued function R Z1 , Z2 satisfies the 
assumptions of the theorem and conditions 1) ,2) ,3). By condition 3) and 
relation ([ 8 ]) we may write: 


{Rzi,z 2 ^i h)H 


/ l + zie ifl \ 
\ 1 — z\e ltl ) 


f 1 + z 2 e it2 \ 
\1 — z 2 e lt2 / 


dg(6 ; h, h), 
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z i, Z 2 G T e , h G H, (36) 

where fj,(S] h, h ) is a (non-negative) finite measure on Q3(R 2 ) such that /x((0, 27r] x 
(0, 27t]) = /i(R 2 ). Set 

m(£; h, g ) = -(//(£; h + g,h + 5 ) - /i( 5 ; h - g, h - g) + i//(<5; h + ig, h + ig)- 
— ifj,(6',h — ig,h — ig)), 5 G 23(R 2 ), h,g£H. (37) 

Then 


(-^ 21 , 22 ^! 



1 + 

1 — zie ltl 


/1 + 2 2 e lfe \ 
\ 1 2 2 e ii2 / 


dn{6;h,g), 


21,22 G T e , h,g G H. (38) 

The integral of the form f R2 u(t±, t 2 )d//(<$) (where ri(ti,t 2 ) is a complex¬ 
valued function on R 2 and //(<5) is a complex-valued function on 1B(R 2 )) 
may be understood as a limit of Riemann-Stieltjes type integral sums, if it 
exists. This means that we consider partitions of R 2 by rectangles of the 
following form: 


dn,k •— {tl,n— 1 O ^1 5: tl,m ^2,k—l < ^2 5: t 2 ,fc}, 77.,/u G Z, 

and choose arbitrary points (ti ;n ,fc, i 2 ;n,fc) G The integral sum is defined 
by Sn k u (ti;n,k,t 2 ;n,k)n(dn,k)- The integral is a limit of integral sums as 
partitions become arbitrarily fine (i.e. the diameter of partitions tends to 
zero), if the limit exists, cf. [TO) p. 307]. 

Fix arbitrary h,g G H. From the definition of / x{8\h,g ) it follows that 
/j,(6;g,h) — g,(S;h,g) = Y^j=x a jl Ji j{^)i & G 23(R 2 ), where aj G C and 
Hj{5) are (non-negative) finite measures on Q3(R 2 ) such that gj(( 0,27t] x 
(0, 2tt]) = ^(R 2 ), j G 1,8. Namely, {aj} 8 j=1 = {\, |,-f,|,-f}, 
{Mj}j=i = {m(< 5; M+h, M-^> 9~h), n{5-, g+ih, g+ih),n{8\ g-ih, g- 

ih),n(5;h + g,h + g),iJ,(S;h-g,h-g),n(6;h + ig,h + ig),n(5;h-ig,h-ig)}. 

Observe that 


Mi — M5, «i — —< 25 ; M 2 — Me, «2 — —«6! M3 — Ms, «3 — —as! 

H 4 = // 7 , 0:4 = —CK 7 . 

This follows from the representation (1361) for each measure and the estab¬ 
lished in the previous section fact that the measure is uniquely determined 
from the representation of type (|8j) . For example, 

(Rzi,z 2 (g -ih),g- ih) = (R zl , Z2 (h + ig),h + ig), Z\, z 2 G T e , 
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and therefore ^4 = fi-?. Consequently, we obtain the following relation: 


fJ-(S;g,h) = n(S;h,g), 8 G 33(M 2 ), h, g G H. (39) 

Choose arbitrary a,|3eC and h 1 , h 2 , g G H. By (f38l) we may write 




+ z\e 


it\ 


— zie ** 1 


1 + z 2 e 


,it 2 


d/j,(d; ahi + /3h 2 ,g) = 


1 — z 2 e lt2 

= {R zi ,z 2 ( ah 1 +/^2),s)ff = oc(R zl , Z2 h 1 ,g) H + P(R zl ,z 2 h 2 ,g)H = 
’ 1 + \ /1 + z 2 e lt2 


+f3 

Therefore 


= a 


Hi 


1 — zie ltl J \ 1 — z 2 e lt2 


dfj,(5;hi,g)+ 


+ z\e 


,it\ 


— z\e ltl 


it 2 


1 + z 2 e 
1 — z 2 e lt2 


dn(8-,h 2 ,g), zi,z 2 €T e . 


f 

Jr- 


1 + z\e 


it\ 


1 + z 2 e 


it 2 


d{an{5-,hi,g) + /J/i(8;h 2 , g)- 


1 — z\e ltl J \ 1 — z 2 e lt2 

~n{8\ahi + fih 2 ,g)) = 0, z 1 ,z 2 eT e . 

By Proposition [2] we obtain that 

n(5;ahi + (Jh 2 ,g) = a/j,(8;hi,g) + /3/z(<5; h 2 ,g), 

5g<B(M 2 ), a,/3 gC, hi,h 2 ,g G H. 

Observe that 


(40) 


|/r(<5;h,h)| < /i(M 2 ;h,h) = / d/i(<S; h, h) = (Ro fi h, h) H = \\h\\ 2 H , 


for all 6 G 5S(M 2 ), h G H. Consequently, /r(<5; h,g) is a sesquilinear (bilinear) 
functional with the norm less or equal to 1. In fact, we may apply Theorem 
from |1] p. 64] (the proof of this theorem is valid for finite-dimensional 
Hilbert spaces which are not ranked as Hilbert spaces in [l]). Therefore 
/j,(5; h,g) admits the following representation: 

»{6-,h,g) = (E(S)h,g) H , 5 G <B(M 2 ), h, g G H, (41) 

where E{5) is a linear bounded operator on H : ||i£(5)|| < 1 . Observe that 
(E(8)h, h) H = fi{8;h,h ) >0, heH, 8 G <B(M 2 ). 
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Therefore E( 6 ) > 0, for all 5 G 5S(M 2 ). Thus, we have 

0 < E(5) <E h , 5 G <B(K 2 ). (42) 

Notice that 

(E($)h, g) H = g(fr,h,g) = 0, 

(E((0,2ir] 2 )h,g) H = g((0, 27t] 2 ; h, g) = g(M. 2 ;h,g) = ( Ro,oh,g) H = 

= (h,g) H , h,geH. 

Therefore 

E($) = 0 , E((0,2tt] 2 ) = E H . (43) 

For arbitrary <5i, 5 2 G 5S(M 2 ), <5i fl 82 = 0, and h,g G H, we may write: 

(E( 8 1 U S 2 )h,g) H = g{5t U 8 2 ;h,g) = g(5f,h,g) + g(S 2 ;h,g) = 

= (E( 8 1 )h,g) H + (E(S 2 )h,g) H = ((E(5i) + E(5 2 ))h, g) H , 
and therefore 

E{8 l U52) = E(S 1 ) + E(5 2 ), <5i,<5 2 G ®(M 2 ) : ( 5 1 n5 2 = 0- (44) 

Denote K = {<5 G 33(M 2 ) : 5 C (0, 27r] 2 }. By Neumark’s theorem [TO) p. 
499] we conclude that there exists a family {F(< 5 )}, 5 g ^ of operators of the 


orthogonal projection in a Hilbert space H D H such that 

F(0)=O, T((0, 27t] 2 ) = Eg] (45) 

F(8 1 n 62) = F(S{)F(S 2 ), St, 82 G K- (46) 

F(5u5) = F{5) + F(5), S,SeK: Sn6 = 9 \ ( 47 ) 

E(6) = P§F(6)\ h , SgK. (48) 


Moreover, elements of the form F(5)h, h G H, 5 G K determine H. 

Since g is er-additive, then by the latter property of F we conclude that F 
is weakly er-additive. In fact, let 5 = U^ =1 5k, where 5, 5k G K and SiHSj = 0, 
i, j G N : i ^ j. For arbitrary h,u G Ft and 5,5 G K we may write: 

(j2 F ( 6 k)F(5)h,F(5)v\ =(^F(4n5fl 5)h,u\ = 

\k =1 J H \k =1 / F 

N N 

= ^2 n ^ n u ) = g (s k n 8 n 5; h, uj ■tjv— h-oo 

k =1 k =1 
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^jv—>+ oo /i(< 5 n?n (U™ =1 5 k ) ;/i,«) = (£^n?n (ugL^*)) ft, u) h = 

= (f (sn5n(U% =1 6 k ))h,u) s = [F(U^ =1 5 k )F(5)h,F(6)u) s . 

By the linearity we conclude that 

(S N x, y)g >oo (Sx, y)g, x, y £ L, 

where S N := £f =1 F(4) = F(uf =1 4), S := F (U£° =1 4) = F($), L : = 
Lin{F(<5)/i : h £ H,5 £ K}. Choose arbitrary elements h,g £ H. Since 
L is dense in H, there exist elements h k ,g k € L such that \\h — h k \\ < 4, 
||g — g k || < t i for all k £ N. Observe that 

|(0fov - S)h,g) s - (( S N - S)h k ,g k )g\ = |((Sjv - S)h,g- g k )g+ 

((S N - S)(h - h k ),g k )g\ < 

< 2\\h\\\\g — <7fc|| + 21 |h — h k \\(\\g k — g\\ + ||g||) —»fc->oo 0, (N £ N). 

For arbitrary e > 0 we may choose k £ N such that 

\((S N - S)h,g)g - ((, S N - S)h k ,g k )g\ < 

There exists iVeN such that N > N implies 

\((S N -S)h k ,g k )g\< £ -. 

Then |((S/v — S)h,g)g\ < e. Therefore 

(S N h,g)g ^-n^oo (Sh,g)g, h,g£H. (49) 

Define the following operator-valued functions: 

Fi it = F((0,i] x (0,2 tt]), F 2 , t = F((0,2tt] x (0,t]), t€[0,2n]. (50) 

For t < 0 we set F\ t = F 2> t = 0, while for t > 2n we set F\ t = F 2 ,t = Eg. 
Let us check that {F ] t \ is a spectral family on [0, 27r] such that Fj t o = 0; 
j = 1,2. By ([351) we see that Fj t o = 0, Fj )27T = Eg , j = 1,2. If A < g, 
by (1461) we may write 

Fi, a Fi^ = F((0,A] x (0, 27t])F((0, g] x (0, 2tt]) = F((0, A] x (0, 2tt]) = 

= F hX , 
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F 2 ,\F 2 ^ = F({ 0,2tt] x (0,A])F((0,2vr] x (0,//]) = F((0, 2 tt] x (0, A]) = 

= ^2,A- 

It remains to check that Fjt is right-continuous (j = 1,2). For points 
t G (—oo,0) U [27t,-|-oo) it is obvious. For arbitrary t G [0,27r); t k G [0, 2ir) : 
t k > t, k € N; is decreasing and t k —> t as k —> oo; and arbitrary 

h,g G H we may write: 

((*1 ,t fc ~ F i,t)h,g)s = (F((t,t k ] x (0, 27 t])/i, g)jj = 

= {F (U™ =1 ((t n+ i,t n \ x (0, 27 t])) h, g)fi — 

- (f (u*z\({t n+1 ,t n \ x (0,2 tt])) h,g)~ oo 0. (51) 

Here we used the weak cr-additivity of F. The monotone sequence of pro¬ 
jections {Fi ttn 1)^ converges in the strong operator topology to a bounded 
operator. By (15TT) we conclude that this operator is F\ )t . If we would have 
liniu-^+o F\ u h / Fijh for an element h G H, then we could easily construct 
a sequence with above properties and satisfying \\F\j k h —F\jh\\ > e 

with some e > 0. This contradiction shows that F\^ is right-continuous. For 
F 2jt we may use similar arguments. 

By (1461) we may write 

Fi,u F 2 ,v = F((0,rt] x (0,27 t])F((0,27t] x (0,v]) = F((0,u] x (0,t>]) = 

= F((0,27t] x (0,v])F((0,u] x (0,27 t]) = F 2 , v F ltU1 u,v€[0,2ir}. (52) 

Thus, F\_ u and F 2)V commute for all u,v G M. Set 

1*2 7T 

U k = / e lt dF k . t , k = 1,2. (53) 

Jo 

Observe that U±, U 2 are commuting unitary operators in H. By (T4T1) . (PT8l) . (f52l) 
we may write 


fi((a,b] x (c, d\;h, h) = (F((a,6] x {c,d])h,h)u = (F((a, 6] x (c,d\)h,h)^ = 

= {(Fi, b -F lja )(F 2t d-F 2 , c )h, h)g, a, b,c,d G [0, 27t] : a<b,c<d,h€H. 

(54) 


By (fB(Tl) and (1541) we conclude that 


(p%{E s + Zl ih)(E s 


ziUi)~ l (Efi + z 2 U 2 )(E s - z 2 U 2 )~ l 
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_ r n + z ie Ui 
Jr 2 v 1 - z i eitl 

f / 1 + zie Ul \ / 

Jr 2 V 1 — ^le^V \ 


) (rrg£) <KFuA, 2 h.h) B = 

1 - ■ ) ) d B (5:h,h) = {R ZUZ2 h,h) H , 


Z\,Z2 £ T e , h € H. 


(55) 


Consequently, R Zl , Z2 is a generalized resolvent of a pair of isometric operators 
Vi = V 2 = oh- Here D(oh) = {0}, o#0 = 0. □ 


Proposition 3 Let an operator-valued function R Zl ,z 2 be given, which de¬ 
pends on complex parameters z\,Z 2 £ T e and which values are linear bounded 
operators defined on a (whole) Hilbert space H. Let V\ , V 2 be closed isomet¬ 
ric operators in H which satisfy relation W- Suppose that conditions l)-3) 
of Theorem [ 5 ] are satisfied. Suppose that conditions l)-5) of Theorem [H 
are satisfied with the choices V = V\, Rq = \ (Eh + Rg,o)> an d V = V 2 , 
R^ = ^ (Eh + Ro,() ■ Then R Z1 , Z2 a generalized resolvent of a pair of 
isometric operators V \, V 2 ■ 


Proof. Since all conditions of Theorem [3] are satisfied, we can use the 
constructions from its proof. Thus, there exist commuting unitary operators 
Ui, U 2 in a Hilbert space H D H such that 


R Z1 ,Z 2 = P%(E s + - z 1 Ufi)- 1 (E ii + z 2 U 2 )(E s - z 2 U 2 )- 1 \ h , 

*(56) 

for Z\,Z 2 £ T e . Then 


and 


l -(E H + R^) = p%(E s -cu 1 )- 1 
±(Eh + Ro,c)= Ph (Eh- CU 2)- 1 


C £ TTe! 
C ^ T e ; 


(57) 

(58) 


Q (Eh + Rc,o) h, g^j = - _^^ t d(F ltt h,g)g, ( G T e , h,g G H; 

(59) 

Q (Eh + Ro,c) h,g) = J^ l ^ e it d ( F 2 ,th,g)g, (£T e , h,g£H. 

(60) 

Let us check that U\ D V\. Since conditions l)-5) of Theorem [2] are satisfied 
with the choice V = Vi, Rq = ^ (Eh + R(, 0 ), then choosing an arbitrary 
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Co £ O\{0} and L := (Eh — (oV)D(V), we conclude that conditions l)-5) 
of Theorem Q] are satisfied, see the proof of Theorem 2 in [3j. Thus, R £ is a 
generalized resolvent of a closed isometric operator in a Hilbert space H and 
therefore Rfi^ exists and is a bounded operator on 77. Moreover, we have 
D(V) = R( 0 L (see the last formula on page 887 in [3]). By condition 1) of 

Theorem [2] we have Vg = E ^7£# — T?^ 1 ^ g, g £ 77(H). 

Thus, we can apply constructions from the proof of Theorem 1 in [SI p. 
880]. Notice that the above operator H(= Hi) coincides with the operator 
U defined by (30) in [3]. By formula (26) in [3] we may write: 


(^( e h + R(,o)h,g^j = 1 d(E t h, g) H , C £ T e , h, 


geH. 


(61) 


Comparing relations ([59l) and (| 6 T|) we conclude that 
7 27r 1 

J 0 i _ Qeit d 9)h ~ ( F i,th, g) jj) = 0, C € T e , /i,y € 77. (62) 

Therefore (see considerations on page 882 in [3j p. 883]) 

r2n /* 27 t 

/ e it d(E t h,g) H = / e^T^L, <?) 5 , 7, 5 gT7. (63) 

7o 7o 


Then (cf. [3j p. 886 ]) 


p2n r2ir 

(Vh,g) H = e it d(E t h,g) H = e^i A s)jj = (Jhh,g) 5 , 
Jo Jo 


h € 77(H), geH. (64) 

Therefore Vh = P§U\h, h 6 77(H). By ||H/i|| = ||C/i7|| we get C/i D V". 
Relation [/2 3 can be checked in the same manner. By (156[i we see that 
R Zlt z 2 is a generalized resolvent of a pair V\, H> • □ 


Theorem 4 Let an operator-valued function R zi ,z 2 be given, which depends 
on complex parameters z\,Z 2 £ T e and which values are linear bounded 
operators defined on a (whole) Hilbert space 77. Let Hi, H 2 fre closed isometric 
operators in 77 which satisfy relation U\). R Zl ,z 2 a generalized resolvent 
of a pair of isometric operators Hi, V 2 if an only if the following conditions 
are satisfied: 


1) Ro,o = Eh; 
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2) R* = R± i, zi,Zz € T e \{0}; 

Z 1 ’ z 2 

3) For all h £ H, for the function f(zi,z 2 ) := (R Zl , Z2 h,h)H, Z\,Z 2 E T e; 
there exist limits: 

f(oo,z 2 ):= lim f(zi,z 2 ), f(zi,oo) : = lim f(zi,z 2 ), z 1 ,z 2 GT e ; 

Z 1—>-C50 Z2 —^OO 

/(oo,oo)= lim lim f(z ll z 2 ), 

Z 2 ~>oo z\ —yoo 

and the extended by these relations function f(z\,Z 2 ), z i, Z 2 € T e U{oo} 
belongs to H 2 . 

4) \ (E h + R C0 ) (E h - (Vi)g = g , for all ( € T e , g € D(V 1 ); 

5) \ (E h + i?o,c) i E H - (V 2 )g = g, for all C € T e , g € D(V 2 ). 

Proof. Necessity. The necessity of conditions l)-3) follows from Theorem[3j 
Repeating the arguments from the beginning of the proof of Proposition [3] 
we conclude that relations (1571) . (1581) hold. By condition 1) of Theorem [2] 
with V = Vi, R( = \ {Eh + R<;,o), and V = V 2 , R$ = \ (E H + R 0 ,c) it 
follows the validity of conditions 4), 5) of the present theorem, respectively. 
Sufficiency. In order to apply Proposition [3] it is sufficient to check that 
conditions l)-5) of Theorem [2] for the choices V = V\, R^ = ^ (Eh + R(,o), 
and V = V 2 , = \ (Eh + i?o,c) are satisfied. Condition 1) of Theorem [2] 

for these choices coincides with conditions 4),5) of the present theorem. By 
Theorem [3] and considerations in its proof R Zl ,z 2 is a generalized resolvent of 
V] = V 2 = oh- Then relations (l56j) . (|57|) . (1581) hold. By Theorem [2] for V = 
oh and the above-mentioned choices of R ^ we obtain that conditions 3) ,4),5) 
of Theorem [2] are satished and they do not depend on V. The required 
condition 2) of Theorem [2] for V = V\, R^ = ^(Eh + R^, 0 ), and V = 
V 2 , R( = \ (Eh + i?o,c) follows directly from condition 1) of the present 
theorem. □ 

4 The case of commuting isometric and unitary 
operators. 

In this section we shall show how Theorem [5] allows to parametrize general¬ 
ized resolvents in the case of commuting isometric and unitary operators. 

Let V\ = V be a closed isometric operator in a Hilbert space H , and 
V 2 = U be a unitary operator in H. Suppose that relation (JT]) holds. In our 
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case it takes the following form: 

VUh = UVh, h e (i U~ l D{V )) n D(V). (65) 

Suppose that there exist a Hilbert space H D H and commuting unitary op¬ 
erators Ui, U ‘2 in H , such that U\ D V, U 2 2 U. Consider the corresponding 
generalized resolvent of a pair V, U: 


R 


Zl,Z2 


PgU 1 (z 1 )U 2 (z 2 ) 


PgU 1 {z 1 )U{z 2 ) = 


= P§U 1 (z 1 )\ H U(z 2 ) = (~E H + 2K zl (V))U(z 2 ), Zl ,z 2 GT e , ( 66 ) 

where R Sl (H) is a generalized resolvent of the closed isometric operator V, 
which corresponds to the unitary extension U\. On the other hand, we may 
write: 


R 


■Zl ,Z2 


= PhU 2 (z 2 )Ui(zi) = Pjj U 2 (z 2 ')\ H Pf} U\{z\) 

H 


H 


= U(z 2 )(-E h + 2R Z 1 (V')), Z\,z 2 € T e . (67) 

Comparing relations (166]) . (1671 ) and simplifying we obtain that 

R Z1 (V)(E H - Z 2 U)- 1 = (E h - z 2 U)~ 1 R zl (V), z 1 ,z 2 € T e . (68) 

Therefore 

UK Z1 ( V ) = R 21 (V)U, Zl € T e . (69) 

By Chumakin’s formula ([ 6 ]) we may write: 

R Zl (V) = [E H -z 1 (V®^> Zl )}-\ zi 6 D, (70) 

where € <S(D; Nq(V), N^iy)). By (l69j) and (l70l) we obtain that 

(y®$ Zl )U = U(V®$ Zl ), zieD. (71) 

Here the equality for the case z\ = 0 follows by the analyticity of 


zi ■ 


Theorem 5 Let V be a closed isometric operator in a Hilbert space H, 
and U be a unitary operator in H. Suppose that relation (65 ]) holds. Let 
‘Sv.trOD*; Nq(V), NooCV)) be a set of all functions from <S(D; Nq(V), IVoo(V’)) 
which satisfy relation (ZIP- Then the following statements hold: 

(i) The set of all generalized resolvents of a pair V., U is non-empty if and 
only ifS v ,u( B; N 0 (V), N^V)) / 0; 
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(ii) Suppose that Sv,u{ B; IVo(V’),.ZV 00 (P)) A 0. An arbitrary generalized 
resolvent of a pair V, U has the following form: 

R-21,22 = ( — Eh + 2 [Eh — z\(V © 3> Zl )] 1 )U(z2), z\ G B, Z2 G T e , 

(72) 

where <h Zl € 5v,c/'(B; JVo(V), N^V)), and 

R-2i,22 = Rj^ _i_> 2i € D e , ^2 € T e \{0}. (73) 

21 ’ 2 2 

On the other hand, an arbitrary function 3 > Z1 G iSy,f/(B; No(V), N^V)) 

defines by relations a generalized resolvent of a pair V, U 

(for z\ G B e , Z 2 = 0 we define R 2liZ2 by the weak continuity: R Zli o = 

w. — lim R n 22 ). Moreover, for different operator-valued functions 
22->0 ’ 

from <Sy.[/(B; Nq(V), iVoo(V)) there correspond different generalized re¬ 
solvents of a pair V, U. 

Proof, (i) : If the set of all generalized resolvents of a pair V, U is non¬ 
empty, then by our considerations before the present theorem we see that 
5y, {/ (B;^ 0 (P),Ar oo (F)) ^ 0. 

On the other hand, suppose that «Sv,i/(B; Nq(V), N^fV)) A 0. Choose an 
arbitrary function <f > 21 G 5y;[/(0; Nq(V), iV 00 (V’)). Define a function R Z1 . Z2 
for (z\,z 2 ) G (BxT e )U(B e x (T e \{0})) by relations (1721) . (1731) . Let R Zl (P) be 
the generalized resolvent of V corresponding to <f >£ 1 by Chumakin’s formula. 
By (17111 we obtain that relation (1691) holds for z\ G B. Therefore (1691) holds 
for all z\ G T e , since the generalized resolvent R^(P) has the following 
property ([3]): 


R*AV) = E H - Ri (F), C € T e \{0}. (74) 

s c 

Consequently, relation (Rjgj) holds and we may write: 

(~E h + 2R Zi (V))U(z 2 ) = U(z 2 )(—E h + 2R Zl (F)), Zl ,Z2 G T e . (75) 

By (|75D and our definition of R 2ljZ2 , for arbitrary z i G B e , Z 2 G T e \{0} we 
may write: 

= r u ={ u ( 4 ))'' (~ E »+ 2R * (v) )’= 

= U(z 2 ) (~E h + 2R Z1 (P)) = (~E h + 2R Z1 (P)) U(z 2 ). (76) 
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Thus, for all ( 21 , 22 ) £ (B x T e ) U (D e x (T e \{0})) we have the following 
representation: 

K Z1 , Z2 = (~E H + 2R Z1 (V)) U(z 2 ). (77) 

For a hxed 21 € B e by analyticity of U(z 2 ) the following limit exists: 

w. - lirn R Zl , Z2 = (-E h + 2R Zl (R)) U( 0) =: R Zl)0 . (78) 

Z 2 ->0 

By (1771) . (17HD , (1731) we see that 

Rzi, 2 2 = (~Eh + 2Rq (R)) U ( 22 ) = U(z 2 ) (—Eh + 2R Zl (R)), 21 , z 2 £ T e . 

(79) 

Let us check that R Zl , Z2 is a generalized resolvent of a pair V, U by Theo- 
rem|H The assumptions of Theorem [4] with V\ = V, V 2 = U, R Zl , Z2 = ^ 21,^2 
and H are satisfied. Condition 1) of Theorem [7] is satisfied, as well. By (1791) 
for arbitrary 21,22 £ T e \{0} we may write: 

R* zljZ2 = (-E H + 2R zl (V))*(U(z 2 ))*= (-E H + 2R^{V)\u(^j = 

= Rj_i_. 

* T ’*2 

Thus, condition 2) of Theorem [I] is satisfied. By (1791) we see that 

\(Eh + R Cl0 ) = Rc(n ^ (E H + Ro X ) = (E H (eT, 

Therefore condition 5) of Theorem |7] is trivial and condition 4) of Theorem [4] 
follows from the property 1) of Theorem [2l 

It remains to check condition 3) of Theorem [4j Since R^(R) is a generalized 
resolvent of R, then there exists a unitary operator Q D R in a Hilbert space 
H D H such that 

R ( (V) = Ph(Eh-CQ)- 1 \ h , C€T e . 

Then 

—Eh + 2R Z1 (V) = P]jQ(zi)\ h , 21 £ T e . 

Representation (1791) takes the following form: 

R Z1 , Z2 = (P%Q(zi)\ H )U(z 2 ) = U(z 2 )(P%Q( Zl )\ H ), 2 1 , 2 2 £T e . (80) 

Choose an arbitrary element h £ H. Set f(z\,z 2 ) := (R Zl:Z2 h, h)n, 21,22 £ 
T e . Then 

/( 2 i, 2 2 ) = (Q(zi)(U(z 2 )h),h) n = ( 7 /( 22 ) (Pn(Q(zi)h)) ,h) H , (81) 


21 


where z\. z 2 £ T e . Since operator-valued functions Q(z ) and U(z) are an¬ 
alytic at oo, we conclude that the limits in condition 3) of Theorem [4] ex¬ 
ist. Moreover, the limit values f(oo,Z 2 ), /(zi,oo), /( 00 , 00 ) may be cal¬ 
culated by the formal substitution of 00 in representations in (jHTl) using 
U( 00 ) := —Eh, Q{ 00 ) := — En. Thus, we may use representation (ISTf) for 
all values z\, Z 2 £ T e U { 00 }. 

Let us check that f(zi, Z 2 ) (zi, Z 2 £ T e U{oo}) belongs to the class H 2 . Holo- 
morphy of f(z\, Z 2 ) at (zi, Z 2 ), z\,z 2 £ T e U { 00 } follows from holomorphy of 
Q(z) and U(z) at all points z £ T e U{oo} and Hartogs’s theorem. By ([9 ]l . (tHTTi 
it follows that condition (a) in the definition of H 2 holds. Condition (c) in 
the definition of H 2 follows by relation (|81j) . 

Let us check condition (b) in the definition of H 2 . Denote W (zi) = Pf^Q(zi)\ H , 
z\ £ T e U { 00 }. By (l80l) we see that 

W{z 1 )U{z 2 ) = U(z 2 )W(z 1 ), z\,z 2 £ Te U { 00 }, (82) 

where the equality for infinite values of z\ or Z 2 holds trivially. By (1811) 
we obtain that f(z\,Z 2 ) = (U(z 2 )W(zi)h, h)n, Z\,Z 2 £ T e U { 00 }. Choose 
arbitrary Zi, z 2 £ D and write (cf. [5) p. 531]) 

f(zi,Z 2 ) ~ f(zl~\z 2 ) - /( z i,Z 2 _1 ) + /(zT -1 ,^ -1 ) = 

= ((D(z 2 ) - C/(^- 1 ))(lT(zi) - h) H . (83) 

By (fTOD it follows that operators W(z\) — W(z\~ l ), U(z 2 ) — 17(I 2 -1 ) are 
non-negative bounded operators on E[ (for zi , z 2 = 0 it is trivial). By (1821) 
we see that operators W{z\) — VL(zT _1 ) and U(z 2 ) — C/(z 2 _1 ) commute. 
Since the product of commuting bounded non-negative operators is non¬ 
negative, by (1831) we conclude that condition (b) in the definition of H 2 
holds. Consequently, f(z\,z 2 ) £ H 2 and all conditions of Theorem [4] are 
satisfied. By Theorem [I] we obtain that R ^ 1)Z2 is a generalized resolvent of 
the pair V, U. 

(ii) : If IVo(D), Noo(V)) 7 ^ 0, then by property (i) we see that the set 

of all generalized resolvents of a pair V, U is non-empty. Choose an arbitrary 
generalized resolvent R Zl)Z2 of a pair V, U. By our considerations before the 
present theorem we obtain that for R Z1) ^ 2 relation (fT2l) holds. Relation (1731) 
follows by property 2) in Theorem |U 

Choose an arbitrary function <h zi G Sy^B; Nq(V), N^CV)). Repeating 
considerations in the proof of condition (i) we conclude that a function 
R ZJjZ2 , defined by relations ([72]) . ([73]) . is a generalized resolvent of a pair 

v,u. 
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For different operator-valued functions <h 21 , 4> 21 from <Sy,r/(B; Nq(V), N^V)) 
there correspond different generalized resolvents of a closed isometric opera¬ 
tor V. Suppose that <f> 21 , $ 21 generate the same generalized resolvent R 21i22 
of a pair V. U. Writing relation (1721) with d> 2l or <h 2l and Z 2 = 0 we obtain 
a contradiction. □ 

In conditions of Theorem [5] we additionally suppose that 

UD(V) = D{ V). (84) 

In this case condition (1551) implies VU = UV. Condition (1711) is equivalent 
to 

$ zl Ug = U$ zi g, g <E H © D(V), © <E B. (85) 

Observe that the function <I> 21 = 0 belongs to «S(B; iV’o(V'), Noo(V)) and 
satisfies ([85]). Thus, 4> 21 € *Sy ) [ 7 (]D ) ; N 0 (V), N^iV)) and therefore the set of 
generalized resolvents of V. U is non-empty. 

Additionally suppose that H is separable and there exists a conjugation 
J on H such that 


UJ = JU- 1 , JD(V) = R{V). (86) 


Then 


J(H © D{V)) = H Q R(V). 


(87) 


Denote 


Uo ■- U\ HQD (y). 


By the Godic-Lucenko theorem ([5]) for the unitary operator Uq there exists 
the following representation: 


U 0 = KL, 


( 88 ) 


where K,L are two conjugations on a Hilbert space H © D(V). Set 


0 = JK : HQ D{V) -q H © R{V). 


The operator 0 maps H © D(V ) on the whole H © R(V) and © 1 = KJ. 
By (l86|) . (1HH1) we obtain that 

&Ug = UQg , g £ H Q D(V). (89) 

Then 

t/0- 1 / = Q~ 1 Uf, feHQR(V). (90) 
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Let \k 21 be an arbitrary function from 5(0; H © D(V), H © D(V)) such 
that 


Set 


* zl Uo = Uo* z i, 


(91) 


$Z1 = ©^Z!, GB. 


(92) 


Observe that <1> Z1 belongs to 5(0; Nq(V), NgoiV)). By (|89]) . (|9T]) for arbitrary 
g £ H © D{V) and zj £ D we may write: 


U$ zi g = U(Q(* zl g)) = @(U 0 ^ zl g)) = @^ zl (U 0 g)) = <S> zl Ug. 

Thus, 4> 21 satisfies relation (1551) . Therefore 4> Z1 £ 5y i ;y(D; Nq(V), NqoCV)). 

On the other hand, choose an arbitrary <f> Zl £ 5^(0; IVo(V’), AT 00 (V')). 
Then <3? Z1 belongs to 5(0; Nq(V), JV 00 (V)) and satisfies relation (j55]) . Set 

HRi = 0 _1 ^ > 2 1 , zi€D. (93) 

Then relation (1921) holds. Observe that T Z1 £ 5(0; H © D(V), H © _D(R)). 
Fix an arbitrary £ D. By (1851) . (1901 ) for arbitrary g £ H © D(V) we may 
write: 

= ©” 1 (^i(^)) = e- 1 ^^)); 

U 0 * Zl g = U(Q-\<f> Zl g)) = e~\U^ Zl g)). 

Therefore relation (1911) holds. 
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Characteristic properties for a generalized resolvent of a pair 
of commuting isometric operators. 

S.M. Zagorodnyuk 

In this paper we consider a notion of a generalized resolvent for a pair of 
commuting isometric operators in a Hilbert space H. Characteristic prop¬ 
erties of the generalized resolvent are obtained. 
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